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Problem 1. Provide an example of a 2D FIR filter with the following impulse response properties (a) non-causal
(b) causal but unstable. Repeat this for the 2D IIR case. Justify your steps.

Solution. 2D FIR filter, non-causal:

h(thtg) = (u(t1—|—N)—u(t1—N))(u(t2+N)—u(t2—N))
]I, =N<t4;<Nand —N<t, <N,
B 0, otherwise.

for some positive integer N. The filter has finite number of non-zero coefficient and hence is a FIR filter.
Since h (—1,—1) = 1, the filter is non-causal.
2D FIR filter, causal but unstable:

1, —-N<t;<Nand —N <ty <N,
h(ty,ta) = {00, (ti,t2) = (N+1,N+1),
0, otherwise

is a FIR causal filter which is not BIBO stable.
All FIR filters with finite coefficients are BIBO stable. Let x (t1,t2) be a bounded input to a FIR filter whose
coefficients are h (t1,%2). Let |z (tg, t2)| < BVty,t2. Then the output is

y(tl,tg) = Z Z hT1,7'2 tl_TtQ_T)

T1=—00 T2=—00
— |y(t1,t2)| = Z Z h T1,’7'2 tl—’T tQ—T)
T1=—00 T2=—00
< Z Z (r1,72) x (t1 — 7,t2 — 7)|  (Triangle inequality)
T1=—00 Te=—00
< B Z Z (11, 72)| (| (ta, t2)| < B)
T1=—00 T2=—00
< o0 (h (t1,t2) is FIR and has finite coefficients.)
1, 0<t; < Nand0<ty <N,
htite) = = (u(t) —u(ti—N))(u(ts) —u(ts = N)) = . ’
0, otherwise

is an example of FIR causal filter which is stable.
2D TIIR filter, non-causal:
h (t1,t2) = a'*b' for some non-zero real numbers a and b is a non-causal filter since h (—1,—1) # 0.
2D IIR filter, causal but unstable:
h(t1,t2) = a''b™2u (t1) u (t2) for real number a and b such that |a| > 1 and b # 0.
Consider the bounded input x (¢1,t3) = 1V, ta. The output at time (¢1,¢2) is

T1=—00 T2=—00 71=0 172=0 71=0 To=0

Therefore, the filter is unstable. u



Problem 2. Show that
A A b
0 A 0
ARl

and (A7 b, QT) all have the same transfer function, for all values of A;, Ay and ¢ that leads to valid matrix
operations. Conclude that realizations can have different numbers of states.

and

Solution. The transfer function of (A, b, QT) system is

H (2)=c" (zI-A) " b+d. (1)
The transfer function of ({‘8‘ ij ’ [8} [T qT]> system is
o - (318 2B
el W I &)

Using block-matrix multiplication, we have

[zISA ZI_AAJ [(zx _OA)‘1 (zI—Azz—I1 :42(:)1 - Az)_l} _ [(I) (1)]

Therefore, (1) can be written as

oir o [GI=A)T (@I-A)T Ay (21— Ag) ] (b
e = 141 ]+
= [ {7 [(ZI(A?)lb}—i—d
Hy(z) = " (zI-A) " b+d. (3)

Similarly, the transfer function of (Li 132] , @ , [QT OT]) system is

me = & w1 (<[p g[8 ) [

—1
= " 0 ]{—Al zI—AJ g T )
We can also easily verify that
dA-A —A ] (:I—A)"! 0 ]
0  2I-Ay] T I-A) A GI-AY)TN (GI-Ay)THC
Therefore, (4) can be written as
I-A)"! 0 b
H — T T (Z 2 d
3(2) [Q 0 ] |:(ZI—A)_1A1 (ZI—Az)_l (zI—Ag)_l qT_ +
- b
_ T _ 1 T |2
- [(g (:I— A) ) O]M—i—d
Hy(z) = F(zI-A)'b+d (5)

Equations (1), (3) and (5) prove that the three systems have the same transfer function.

The number of states in a system is given by the dimension of the square matrix A. Notice that the
dimensions of the corresponding matrices for the other two systems is higher. Therefore, the same system can
be represented using different numbers of states.

Remarks:



A-! —A-'BC!

0 c-1 ] whenever A~! and C~*

, the inverse is [

1. For block upper triangular matrix, [ 0 C]

B| . ineular if
o | Isnon-singular i
and only if A and C are non-singular. ]

exist. This can be easily verified by multiplying the two matrices. Also note that [A



Problem 3. (Modal Analysis) The following data is measured from a third-order system:
y = {0.3200, 0.2500, 0.1000, —0.0222, 0.0006, —0.0012, 0.0005, —0.0001} .

Assume that the first time index is 0, so that y [0] = 0.32.
(a) Determine the modes in the system, and plot them in the complex plane.
(b) The data can be written as
yltl=c1(p)' +c2(p2)’ +es(ps) t>0.

Determine the constants c¢1, ¢ and cs3.

(c) To explore the effect of noise on the system, add random Gaussian noise to each data point with variance
02 = 0.01, then find the modes of the noise data. Repeat several times (with different noise), and comment on
how the modal estimates move.

Solution. Given that the system is 3"% order system. Therefore, the AR equation for the system is
ary [t =1+ agy [t —2] +asy[t — 3] =y [t].

For the available 8 samples of data, we can write the above equation in matrix form as

Ya=y
where
y[2] y[l] yl0] y[3]
y[3] y[2] y[1] a y[4]
Y= |(y[4 yB yi2l|, a=|a|, y= |y[3]
y[5] yl4] y[S} as y[G}

ylo] y[5] yl4
Since this is a over-determined set of equations, we consider the least squares solution given by
a=(YTY) ' YTy
Using MATLAB, we obtain the coefficients: a3 = —0.1755, ag = —0.0035, a3 = —0.0118
The modes of the system are the roots of the polynomial

alz_l + agz_2 + agz_3 =1.
The roots are obtained using MATLAB and the modes of the system are:

p = —0.2971,
po = 0.0608 + 0.18965
ps = 0.0608 — 0.1896]

The data can be written as

ylt] =ci(p1)' +c2(p2)’ +es(ps)’ t>0.

For the 8 data samples available, the above equation can be written as

y="FPc
where ) }

1 1 1 y[O]_
p1 p2 p3 1
) 02 (23’ i
p_ ()’ (2)° (p3)° . o e
T et )t )| fT ;’ Y= 1y 4]
)° (p2)° (p3)° ° y[5]
(Pl)G (P2)6 (P3)6 y [6]
_(p1)7 (P2)7 (p3)7_ Ly [7]]

The above set of equations is a overdetermined set of equations. Therefore we obtain the least squares solution
given by

c=(P"P) PTy
The coefficients are
¢y = 0.5015,
ca = —0.0907 + 1.0813j,
cg = —0.0907 + 1.0813;.

The above procedure is repeated by adding noise to the data. Figure 1 shows the location of the system
modes in the complex plane. We observe that the noise introduces a large variation in the estimation of system
4
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FIGURE 1. Modes of 3" order system plotted on a complex plane. The modes are estimated
when the data samples do not have noise as well as when the data samples contain noise. The
modes are estimated 20 times for the noisy case by adding different set of noise samples each
time.

modes. This is because the variance of the Gaussian noise is much larger than some of the data samples and
hence noise dominates the signal. In some cases, we even see the modes outside the unit circle i.e., the system
is modeled to be unstable while the noiseless data samples indicate that the system is stable.

MATLAB Code:

y = [0.3200; 0.2500; 0.1000; —0.0222; 0.0006; —0.0012; 0.0005; —0.0001];

Y mtx indices = [3, 2, 1;.
4, 3, 2;.
5, 4, 3;...
6, 5, 4;...
7, 6, 5];
y _vec _indices = [4; 5; 6; 7; 8];
Y mtx = y(Y_mtx_indices);
y _vec = y(y_vec indices);
a =Y mtx\y_vec
modes = roots ([1;—a])
plot (modes, ’o’, "MarkerFaceColor’, ’k’); hold on;

xlim ([=2, 2]); ylim([-2, 2]);

P = [modes(1l).~[0:7]’, modes(2)."[0:7]’, modes(3)."[0:7]"]
¢ = Pl\y

for 1=1:20
y_mnoisy = y + 0.lxrandn (8, 1);
Y mtx = y_ noisy (Y_mtx_indices);
)

y _vec = y moisy(y vec indices);

a =Y mtx\y vec;

plot (roots ([1;—a]), *.’, "MarkerSize’, 5); hold on;

end

plot (cos ((0:1000) *2%pi/100), sin ((0:1000)*2xpi/100), 'k—")
legend (*Without Noise’, *With Noise ")



Problem 4. Random variables X and Y are uniformly distributed in the interval [0, 1]. Assuming that X and

Y are independent, find the probability density function and the probability distribution function of a random
variable Z = | X - Y.

Solution. The p.d.fs of the random variables X and Y are

felw) = {1 x € [0,1]

0 otherwise,
_ )1 yeloq]
frly) = {O otherwise.
Since X and Y are independent, their joint p.d.f. is

f(xy) = fx (2) fy (y)

1 x€]0,1] and y €[0,1]
0 otherwise.

Since, X € [0,1] and Y € [0,1], Z = |X = Y] € [0, 1].

Y oA
(0, 2)
/ (1, 2)
>
(z,0) X

FIGURE 2. X and Y are independent and uniformly distributed on [0,1]. The gray region
corresponds to Z = | X — Y| < z.

From the figure, Pr[Z < z| is the area of the gray region. The area of each white triangle is %(1 - 2)2.
Therefore, the c.d.f of Z is

0, z<0
Fr(2)=PriZ<zl=31-(1-2°=22—22 z€l0,1]
1, z>1

We obtain the p.d.f. of Z by differentiating the c.d.f.:
2—-2z, z€]0,1],
fz(2) = { 0.1]

0, otherwise.



Problem 5. The power spectral density of a certain sequence x [n] i for some non-zero real constants

1
18 7% cos(w)
a and b. Find the autocorrelation function. Suppose the autocorrelation function of a sequence z [n] behaves

as ry, (k) = % for time lags k > 1. What can you say about the power spectral density?
Solution. Power spectral density
1
a-+bcos(w)’
The autocorrelation function can be obtained by taking inverse discrete-time Fourier transform of the power
spectral density.

S(w)=

1 r .
Rech) = 5 / S (w) eF*

1 eIwk d
B %/aercos(w) “
1 [ cos (wk) 1 ] sin (wk)

= — | =" 4 B e S P
2 | a4+ bceos(w) w+]27r a+ bcos (w) v

—T —T

sin(wk)

b oos(@) is an odd function, the integral in the range [—m, 7] will be 0. Therefore,

! [ cos (wk)
B () = 21 / a+ beos (w) v

—T

Since

Evaluating R, (0):

1 1
R,y (0)=— | —————d
(0) 27r/a+bcos(w) “

Substitute ¢ = tan (%) = cos (w) = 1= and dt = 2sec? (4) dw = 5 (1 +t%) dw. We get,

oo
1 2dt
Roz (0) = 27T/a(1+t2)+b(1—t2)

17 dt
- ;/(a+b)+t2(a—b)

Ifa=b, Ry (0) =1 [ (adjb):oo
For a # b,
17 dt
R, (0) = -—
) w/(a+b)+t2(a—b)
o 7 dt
- _ (a+b)
7 (a b)_ooerp

(/=ta==(2)

S tan~! a_bt )
~ w(a—0b) & a+b

= 3 (6)

Evaluating R, (k), k > 0, (a # b)

1 cos (wk)
— | ————dw
2 | a4+ bcos(w)

—T

Ry, (k) =



sy

1 cos (w (k — 1)) cos (w) — sin (w (k — 1)) sin (w )dw

27 a+bcos (w)
Ro) - L /” cos (w(k — D)cos(@) 1 [ sin (w (k — 1)) sin (w) " -
27 a+ bcos (w) 27 a+ bcos (w)
We evaluate the two integrals separately as follows:
1 [ cos (w(k —1))cos (w) 1 /1 1 1
= - — [ k-1 (- ——)d
2w a+ bcos (w) duo o | 5" (w( ) a a+bcos(w) n
1 1 [ cos (w(k-=1))
= k—1))dw— — [ &)
2mab / cos (w( )) de 2ra a+ bcos (w)
- ] (o (k= 1)) dow — ~ Ry ( — 1)
T 2mab coslw v a
1 -1 i _1 -1 =1
1 / cos (w (k — 1)) cos (w) do = b Ry (k—1), k (8)
2w a+ beos (w) —oRep (k—1) k>1

—Tr

Let

L1 [ sin(w(k— 1)) sin (w)
fh) = %/ a+ beos (w) dw

—T

1 [ s
= f(1) = o a:l;c(:;)(w)dw =0. (Integrating odd function on [—m, 7))

T
1 sin? (w)

2 ) a—+bcos (w) n

1 1 — cos?
_ 1 cos? (w) d
21 J a+bcos(w)

1 Trb*bCOSQ(W)7@COS(W)+CLCOS(W)d
- 27 a+ bcos (w) n

—T

1 ﬂb+acos(w)—Cos(w)(a—i—bcos(w))d
N 27rb a + bcos (w) “

_ /b—f—acosw do — /cos
T omb a+ beos (w) 27h

1 /b2+abcos(w)+a2a2
2mb? a+bcos (w)
B 1 /7Tb2—a2+a(a—|—bcos(w))
o272 a+ bcos (w)

—T

dw —0

dw

= bz_a2l/7r 1 dw + a /7wa
N b2 27 ) a+bcos(w) 27h?
2 —a? 1 i a

b2 a—b b2

1 a a

f@) = 53+




f(k) = % sin (C; Sf(;cis) )(OSJI)H (w) do

—T

= iTrMsinw — sin (w cos (w (k — cos (w)) dw
= 5 | T heey (e (k= 2))sin (@) + cos (o (5~ 2)) cos ) d

—T

1 [ sin (w (k —2))sin? (w) 1 [ cos (w(k —2)) cos (w) sin (w)
oo a+ bcos (w) ot on a+ bcos (w)

— -

dw

cos(w(k—2)) cos(w) sin(w) sin(w(k—2)) sin?(w)

is odd function Vk. Therefore it’s integral in the range [—m, 7] = 0. The term

a+b cos(w) a+Db cos(w)
is odd function for k£ > 2. Therefore,
7r 0 k=1
1 sin (w (k — 1)) sin (w) ’
k)= — dw=Q -1 a2, a =2 9
1 (k) 27r/ a + bcos (w) “ b bt K )
-7 0, k>2
From (6), (7), (8) and (9), we have
- p=o
L_lsz(k‘_l)v k=1
Reo (k) = ib;Ra (k—1)+i4+e_2 [=2
a TT b b b27 -
—1Ru (k—1), k>2
1 1
= Ry, (1) = —————
(1) ab  a(a—-0)
1 1 1 a a
Rzz 2 = 7
@) ab+a(a7b)+b b b2
1\ F2
Ry (k) = Ry (2) <_a> k> 2
Ryn (k) = Ry (—k), k<O.
Part 2:
o0
If 4y (k) = 4 for k > 1, the Fourier transform of 75, (k) does not exist since > |rys (k)| = co. The system
i=1
is unstable. ' ]



Problem 6. Suppose we are filtering a random sequence x [n] through a FIR filter 1 — az~1, |a| < 1. Let z [n]
be a Bernoulli process such that P (2 [n] =1) = p and P (x[n] =0) = 1 — p. Examine if this is a wide sense
stationary process and ergodic in mean.

Solution. z [n] is a Bernoulli process. Therefore, x [n1] and x [nz] are independent for n; # ng. The mean and
second moments of the process are

Efz[n]] =px1+(1-p)x0=pV¥n,

Ezn]zn]] = px12+(1—p)x 0> =pVn.
For k # 0,
Elz[n]Jz[n+k]] = pxpx14+(1-p)xpx0+(1-p)xpx0+(1—p)x(1—p)x0
P’
Therefore,
B - Jp, k=0
Rxx (k) =E[z[n]z[n k“{pQ, k0.

For the FIR filter 1 — az~!, the output is given by
y[n]=z[n] —axn—1].
Therefore, the mean is
py (n) =Ely[n]] = Elzn]] —aE[z[n —1]] = (1 - a)p.
The autocorrelation is
Elynlyln—k]] = Elzhlzn—k]—aEzn]zn—k—-1)]—aE[z[n—1]z[n—k|]+d®Elzn—1]z[n—k—1]
p? —ap —ap® +a?p?, k=-1
p — ap? — ap® + a®p, k=0
p?—ap® —ap+a2p?, k=1
p? — ap?® — ap?® + a’p?, otherwise.

Since, py (n) = puyVn and E [y [n]y [n — k]] = Ryvy (k) Vn, the process is W.S.S.
The time average of y [n] is

1 N
go= Jim 5> vl
1 >
= A}i_r)nooN;(x[i]—ax[i—l])
1 N-1
= Jlim = (@[N] -az[0]) + lim 2 (x[i] — ax [1])
1 N-1
= O+(1—a)Nl£nooﬁ 2 x []
N-1
= (1-a) (Nhlnoo1> 1\}E>nooN1—1 £ 7l
' 1 N-1
= (1—a)Nl£nOOm 2. x [1]
g = (1-a)d

where Z is the time average of the Bernoulli process z [n]. Since the Bernoulli process is ergodic, & = px = p.
Therefore, § = (1 — a)Z = (1 — a) p. Hence, the process y [n] is ergodic in mean. [ |

10



Problem 7. Cousider a collection of all n x n matrices with real entries i.e., M, (R). Is this a vector space?
Justify.

(1) Suppose we consider S := {X € M, (R) : det (X) = 0}, examine if S is a subspace.

(2) Suppose P, X € M,, (R). Let T be an operator such that T'(X) = PTXP for a fixed matrix P. Examine
if T is linear.

Solution. Yes, M, (R) is a vector space:

1) Closed under addition: Adding two real matrices results in a matrix with real entries.

2) Identity element: Defining 0,, as n X n matrix with all elements as 0, X + 0,, = XVX € M,, (R)

3) Inverse element: X € M, (R), we can define a matrix Y = —X by flipping the signs of the elements of Y.
In this case, X +Y = 0,,.

4) Associative: Since the matrix addition is achieved by addition of individual elements, associativity of
M, (R) follows from the associativity of real numbers over addition.

5) Closed under scalar multiplication: Multiplying a real matrix by a scalar will result in a real matrix.

6) Following three properties follow from the associative and distributive laws of real numbers when applied
to individual elements of the matrices X, Y € M, (R) (a) a(bX) = (ab)X (b) (a+b)X = aX + bX (c)
a(X+Y)=aX+aY Va,beR.

7) Multiplicative element 1 € R satisfies 1.X = XVX € M, (R).

Part 1:

S ={X e M, R):det(X) =0}

For n =1, S = {[0]} is a trivial subspace.

For n > 1, S is not a subspace because S is not closed under addition. Example: [1 O} €S, {0 O] €Ss.

0 0 0 1
1 0 0 0 1 0
st o o]+ o 9] =16 3] ¢s

Part 2:
Using the left and right distributive laws of matrix multiplication,

TX+Y)=P'(X+Y)P=P'(XP+YP)=P"XP +P'YP=T(X)+T(Y).
Also, using commutative law matrix multiplication by scalar (X = Xa), we have
T (aX) = PT (aX)P = aPTXP = aT (X).
Therefore, the operator T (X) is linear. [ |

11
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FIGURE 3. Signals ¢; (¢) and ¢ (t)

N-1

Problem 8. Consider the continuous time signal f (t) = > a;u (t - z%) where a; is any real number, 7' is a
i=1

time unit and N is a positive integer. Let ¢1 (t) =u(t) —t (t— L) and g2 (t) =u(t) —2u (t — L) +u (t — %).

(1) Are ¢ (t) and ¢ (¢) linearly independent?

(2) Expand the signal f (¢) in the ¢; (t) — ¢2 (t) plane after normalizing ¢, () and ¢o (¢). Interpret your
results graphically.

(3) Suppose a source emits ¢ (t) and ¢ (t) randomly with source probabilities p and 1 — p respectively.
Imagine a cloud of uncorrelated Gaussian noise N (O, 02) acting in the ¢; (t) — ¢2 (t) plane. Determine the
optimal linear decision boundaries to minimize the probability of misclassifying the signals ¢; (t) and ¢q (¢).

Explicitly evaluate the probability of misclassification.

Solution. Given

1, o<t<Z
t) = oo
¢1(t) {0, otherwise,
1, o<t<Z
¢2(t) = ¢-1, T<t<T

0, otherwise.

Part 1:

(61 ()62 (8) = /¢umm@m

The signals ¢4 () and ¢4 (t) are orthogonal. Therefore, the signals are linearly independent.

Part 2:
Since ¢ (t) and ¢9 (t) are orthogonal, we obtain the orthonormal basis of the signal space by normalizing

the signals ¢ (¢) and ¢ (t).

(61 (D), 61 (1) = /ﬁ:%
0
z T
(P2 (t), 2 () = dt = T
0
The orthonormal basis is given by
) _ w2 g 0<t<T
oo = (p1 (1), 01 (1)) a \/T(b1 )= {O, otherwise,

12



P2 () =

2

b2 (1) 2 s (1) T, (;_< ti%
T - a2 =75 §St=s 7
(P2 (1), 92 (1)) T 0, otherwise.

We can write f (¢) in terms of the shifted versions of the orthogonal basis. We shift the orthogonal bases by
integer multiples of %. We have

¢1 (t—

Similarly,

<f<t>,<z31 (t—k

T

8

))

2 T T
Vil ks <t<(k+2)35
0, otherwise,

2 T T
il ks <t<(k+1)5

= —%, (k+1) L <t<(k+2)

0, otherwise.

Ll

k+1) T (k+2) T
2 T T
3 <f () [ aer(wen?) [

kT (k+1)T

H
> = o o
I

(k+1) T (k+2)Z
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FIGURE 4. Trajectory of f (t) in b1 (t) — b2 (t) plane. The trajectory is obtained by projecting
f(t) on to ¢1 (t — 7) and ¢ (t — 7) i.e., the shifted versions of the orthonormal basis.

S ACHRIC)

0, E<0
_gal’ k=0
= (T a), ke N 2
N-1 N-—1

4 Dot @iy al) k>N —
0, E<0

7 T —@Ch k=0

), (t—k= - 7 01,
(£@).6(1-15)) re i eheno

0 k>N-—1

Therefore, in the ¢1 (t) — ¢2 (1), the signal follows the points (zx,yx) given by

(070)7 k<0
(o) =\ (v (a1 +200 @)~ L), 1<k<N-2
@Zf;‘llai,o) k>N-1

Since, we have integrated over step functions, the trajectory between the points is obtained using linear
interpolation.

Figure 4 shows an example trajectory considering a; = =

57 and T' = 16 units. The path follows the points

given by,
(0,0), k<0
6. k=0
(wr,yx) = (s +250 %) —5r), 1SESN-2
237 4.0) k2 N-1
(0,0), k<0
_ J(G—a) k=0
((zr +2(1=55)) —zor), 1Sk<N-2
(2(1- 7),0) k2N -1
(0,0, k<0
_ J(ema) k=0
(owth) = Yoo 3. 1) 1<k<N-2
(2 — 35=,0) k>N-1
Part 3:

The signals ¢; (t) and ¢z (t) correspond to the points s; = (@, 0) and sy = (0, g) on the ¢ (t) — ¢ ()
respectively. Let S = (S;,Sy) indicate the signal transmitted by source. It is given that

PriS=s] = »p
14



PriS=s)] = 1-p
Let Z; and Zs be the noise values for the ¢; (t) and ¢y (¢) coordinates. Given that Z; ~ N (0,02) and
Zy ~ N (0,02). Z1 and Z5 are also independent.
Let the received noisy signal be represented by the vector
R=(X,Y)=(5:+21,8y+ 2Z2)

Therefore, the conditional p.d.f.s of X and Y given the transmitted signal are

1
fX (x | ﬁ) 67(96751)2/202,

2702

g

o (W=5,)% /20"

Since Z; and Zs are independent, the joint p.d.f. is given by

fxy (xylS) = 27r102e’ﬁ((I*Sw)QHnyy)Q)
1 _ 1 ((p_ T 2+ 2
— fX7y(1‘7y|§:§1) — 5 Se 202<( 2) y)
o
1~ (a2 (y—T)?
fX7Y (.{L‘,y | ﬁ: §2) — ﬁe 252 <:C (y 2 ) )
o

Using Bayes theorem, the conditional probability (a-posteriori probability) of s;,7 = 1,2 being transmitted
given that we have received the vector R = (z,y) is

f(a:,y |§:§i)Pr(§:§i)
f(z,y)
The optimal decision is to maximize the above a-posteriori probability i.e., we make a decision that s; is

transmitted is Ty (z,y) > Ts (x,y) for the received vector (z,y). Therefore, the optimal decision regions for s;
and s, are R; and Ry defined as

T;(v,y) = Pr(S=s; |2y = ,i=1,2. (10)

Ry = {(@y) | Ty(z,y) 2 T2 (2,9)},
Ry = {(z,y) | T1(2,y) < Tz (x,9)}
From (10),
Tl (l‘,y) 2 T2 (xvy)
= f(z,y|S=s5)Pr(S=s;) > f(z,y|S=sy)Pr(S=s,)
1w ((F) ) L2 (+(-F))
i > 1-—
2mo2 P2 o < (1=p)
2 2
! VT +y? |+ (L ENL I P vz
202 2 Y 1—-p) = 202 2
VT’ vT\’
= 20%In P > z—— | —a?4+4y%— y— —
1—p 2 2
:>2021n< ﬁp) —\/Tx—&—\/fy
202 D )
= -y > ———In(-—"—
Y= Tt (1 —p
Therefore, the decision boundary is the line z — y = —% In (1 L p) and the decision regions are

R = {(x,y) |xy2§;1“(1fp)}

Ry = {(x,y)|xy<f/”;1n(lfp)}.

The misclassification occurs when s, is transmitted but the received vector (z,y) € Re or when S = s, and
(z,y) € Ry.

Figure 5 shows the Gaussian cloud and the linear decision boundary for signal classification.

If S denotes the decision made, the probability of misclassification is

Pr($#8| = PriS#s|S=5]Pris=s]
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FIGURE 5. The signals s; = ¢ (t) and s, =

¢z (t) are represented in the ¢ (t) —

2 (t) plane.

The Gaussian cloud around the points s; and s, is due to the noise. The optimal linear decision

boundary is of the form X —Y =c.

+Pr [S#§2\§=§2} Pri[S = s,]
= Pri(z,y) € R2|S=s]xp

—|—Pr[(xy)€R1\S:§ x (1—p)
- PT[X Y<f—ln 1p
JrPT{X Y>1<
T 20 D
- Prlz - S N (U
T 1+ — 5 Zo < \/T (
VT 20
Prl|zy -7, — Y2 > 27
+Lr 1 5 = \/Tln<1_
& VT 20 p
Pr[ﬁ#ﬁ} - Pr|z - ZQ<—2—ﬁ1n(1_
2
+Pr leQZﬁ%ln(p
2 VT \1-

variable with mean and variance given by

> ISsl} Xp
Yis=s]xa-p

)

p)] < (1-p)
pﬂ o
;)

Since Z; and Z, are Gaussian random variables, their linear combination Z

x (1-p) (11)

— Z9 is also a Gaussian random

E[Z,—Zy) = 0
Var(Z) — Z,) = E {(Z1 7y — 0)2]
= E[Z}] +E|[Z3] — 2E[Z1 2]
= 0% +0? - 2E[Z|E[Z)
Var (Z, — Zy) = 207
Therefore, Z, — Zy ~ N (0, 202) and
Pr(Z—Zy>c = /OO L ety
' 2= Vo2
c
i L /2
= —e dt
/ V2

- o(7)

where @ (-) is the probability in the tail of Gaussian function given by

i 1
= e
/ V2
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We can also show that Z, — Zy ~ N (0,20?) and hence Pr[Z; — Zo < —c] = Pr[Zy — Z1 > ] = Q (

Therefore, from (11), the probability of misclassification is

1 (VT 202 p
o pXQ<\/§a<2+ﬁln<1—p>>>
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