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PROBLEM 1:
Problem 3.19 from P.P Vaidyanathan’s Book (9 points)

Solution: From the figure in the question, we obtain

Gm(z) =
k∗m + z−1Gm−1(z)

1 + kmz−1Gm−1(z)

The poles of Gm(z) are the zeros of 1 + kmz
−1Gm−1(z). Thus,

1 + kmz
−1Gm−1(z) = 0 =⇒ z−1 = − 1

kmGm−1(z)

z = −kmGm−1(z) =⇒ |z| = |km||Gm−1(z)| = |km| < 1

Note that z is a variable in the above case. Thus, the poles of Gm(z) are inside unit circle.
As |Gm−1(z)| = 1 =⇒ Gm−1(z) = ejf(z).

|Gm(z)| =

∣∣∣∣∣ k∗m + z−1Gm−1(z)

1 + kmz−1Gm−1(z)

∣∣∣∣∣ =
|k∗m + z−1Gm−1(z)|
|1 + kmz−1Gm−1(z)|

If km = a+ jb,

|k∗m + z−1Gm−1(z)| = |a− jb+ cos(f(z)− 1) + jsin(f(z)− 1)|
= (a2 + cos2(f(z)− 1) + 2acos(f(z)− 1) + b2 + sin2(f(z)− 1)− 2bsin(f(z)− 1))1/2

|1 + kmz
−1Gm−1(z)| = |1 + (a+ jb)(cos(f(z)− 1) + jsin(f(z)− 1))|

= (1 + a2cos2(f(z)− 1) + b2sin2(f(z)− 1)− 2bsin(f(z)− 1) + 2acos(f(z)− 1)

−2abcos(f(z)− 1)sin(f(z)− 1) + b2cos2(f(z)− 1) + a2sin2(f(z)− 1)

+2abcos(f(z)− 1)sin(f(z)− 1))1/2

= (1 + a2 + b2 − 2bsin(f(z)− 1) + 2acos(f(z)− 1))1/2

= |k∗m + z−1Gm−1(z)| =⇒ |Gm(z)| = 1

Part b) follows from induction using part a).

PROBLEM 2:
Problem 3.20 from P.P Vaidyanathan’s Book (10 points)

Solution: As P0(z) is hermitian, P̃0(z) = zNP0(z). As P1(z) is generalized hermitian, P̃1(z) =
czNP1(z), where |c| = 1. We prove the result by expressing A0(z), A1(z) and d in terms of c,
P0(z), P1(z) and D(z).

H0(z) =
βA0(z) + β∗A1(z)

2
=⇒ P0(z) =

βA0(z) + β∗A1(z)

2
D(z)

H1(z) = d
βA0(z)− β∗A1(z)

2
=⇒ P1(z) = d

βA0(z)− β∗A1(z)

2
D(z)

=⇒ A0(z) =

(
P0(z)

D(z)
+
P1(z)

dD(z)

)
1

β
and A1(z) =

(
P0(z)

D(z)
− P1(z)

dD(z)

)
1

β∗



|H0(z)|2 + |H1(z)|2 = 1 =⇒ |P0(z)|2 + |P1(z)|2 = |D(z)|2 =⇒ zNP 2
0 (z)+ czNP 2

1 (z) = |D(z)|2.

|A2
0(z)| =

1

|D(z)|2
zN

ββ∗

(
P0(z) +

P1(z)

d

)(
P0(z) + c

P1(z)

d∗

)
=

zN

|D(z)|2

(
P 2
0 (z) +

cP0(z)P1(z)

d∗
+ cP 2

1 (z) +
P0(z)P1(z)

d

)
=

1

|D(z)|2

(
|D(z)|2 +

(
c

d∗
+

1

d

)
P0(z)P1(z)

)
= 1 +

(
c

d∗
+

1

d

)
P0(z)P1(z)

|D(z)|2
.

|A2
1(z)| =

1

|D(z)|2
zN

ββ∗

(
P0(z)−

P1(z)

d

)(
P0(z)− c

P1(z)

d∗

)
=

zN

|D(z)|2

(
P 2
0 (z)− cP0(z)P1(z)

d∗
+ cP 2

1 (z)− P0(z)P1(z)

d

)
= 1−

(
c

d∗
+

1

d

)
P0(z)P1(z)

|D(z)|2
.

Let us choose d :
(

c
d∗ + 1

d

)
= 0, then, |A2

0(z)| = |A2
1(z)| = 1. We can choose such d as

c
d∗ = 1

d =⇒ |c| = 1. Thus, we can obtain A0(z) and A1(z) as unit magnitude all pass filters
with |β| = |d| = 1.

PROBLEM 3:
Problem 3.21 from P.P Vaidyanathan’s Book (6 points)

Solution: If A1(z) = cA0(z), then G(z) = (1 + c)A0(z) =⇒ |G(z)| = |1 + c||A0(z)| = |1 + c|b
where |A0(z)| = b. Thus, G(z) is all pass filter. If G(z) = A0(z) +A1(z) is all pass filter, then,
as A0(z) and A1(z) are all pass filters they can be represented by,

A0(z) = bejf(z) and A1(z) = cejh(z)

G(z) is obtained as:

G(z) = A0(z) +A1(z) = bejf(z) + cejh(z)

= bcosf(z) + jbsinf(z) + ccosh(z) + jcsinh(z)

|G(z)|2 = b2cos2f(z) + c2cos2h(z) + 2bccosf(z)cosh(z) + b2sin2f(z) + c2sin2h(z) + 2bcsinf(z)sinh(z)

= b2 + c2 + 2bccos(f(z)− h(z))

As b, c and |G(z)|2 are constant, thus,

cos(f(z)− h(z)) = d (const) =⇒ f(z)− h(z) = cos−1d = d′ =⇒ h(z) = f(z)− d′

=⇒ A1(z) = cejh(z) = cejf(z)−d
′

= mA0(z).


