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E9-207: Basics of Signal Processing

Instructor: Shayan Srinivasa Garani

Mid Term Exam#2 Solutions, Spring 2018

Name and SR.No:

Instructions:

* You are allowed only 4 pages of written notes and a calculator for this exam. No wireless allowed.
* The time duration is 3 hrs.

* There are six main questions. None of them have negative marking.

Attempt all of them with careful reasoning and justification for partial credit.

* Do not panic, do not cheat.

Good luck!
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PROBLEM 1: Simplify the following multirate systems shown in Figure 1 as best as you can. Obtain the
simplified frequency response. Show all your steps carefully. (15 pts.)

x[n] ¥y[n]

12 I s | 4 |2

(@)
x[n] ¥ln]
— T 7 z8 l 3 T 3 z'? 1 14
(b)
FIGURE 1. Multirate systems.
SOLUTION:
We use the identities in Figure 2 to simplify the given transformations.
o] if ged(L, M) =1
Identity 1: ——» | M TL +— = —» 1L M —
y[n] z[n] y[n]
x[n]
Identity 2: —»{ | M Sk = —» Mk M —»
y[n] z[n) y[n]
xz[n]
Identity 3: —» & L +— = — 1L SLk e
ylnl 2[n) ylnl
o] if kmod L#0
Identity 4: — T L ok L —[b] = y[n} =0
y[n
x[n]
Identity 5: — T L L —> =
wentity 6: | (0 x ) | = 1 My
x[n] y[n]
Identity 7: 1[71]_. 1T (L1 X Lo) _yln] = — 1 [y T Ly >
x[n] y[n]

Figure 2: Identities related to decimation, upsampling and delay operations.



(Part a)

(Part b)
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Therefore, Y (z) = 0.



PROBLEM 2: Prove that decimation by M followed by expansion by L can be interchanged if L and M are

relatively prime. You must prove this result in the frequency domain representation. (10 pts.)
SOLUTION:
. a1[n] wiln]
LM tL f—
x2[n] wlr]
TL M

Figure 3: Comparing the outputs by changing the order of decimator and upsampler.

From Figure 3,

| M
Xi(2) = — Z X(zMej ﬁ)
M =
— Y1 (Z) = X1 (ZL)
1= ,
= X () 2
M 1=0
Similarly,
Xo(2) = X(F
| M v
Ya(2) = — ) Xo (zﬁejz&i)
M =0
M—1
1 1 omi\ D
= — X ((zMeJ M) >
M=
| M1
- = X(Z%ejz’}#) 2)
M =0

To prove that Y7 (2) = Y3 (2) VX (2), it is necessary and sufficient to satisfy the following condition:

{X(zﬁej%)|i:0,1,~~,M71}: {X(zﬁej%)|i:0,1,~~~,M71}VX(z) (3)
z‘.e.,{ef%|z‘=0,1,---,M—1}= {ej%\i:0,1,~-~,M—1}. (4)

Since 727k = 1Vk € Z, we have ¢l 5" = ol T Hence, the equivalent condition is
{(GL) mod M |i=0,1,---,M—1}={0,1,--- , M —1}. (5)

Let 0 <i; < M —1and 0 <iy, < M —1 such that i; # is. Without loss of generality, consider i1 < i5. Using
the following identity on modulo operation

(a—b) mod M =(a mod M—b mod M) mod M,



we have,
((i1L) mod M — (isL) mod M) mod M = ((iy1 —i2)L) mod M. (6)

Case L and M are relatively prime:
Since 0 < i1 —is < M, and ged (L, M) =1, ((i1 —i2) L) mod M # 0. Therefore from (6),

((i7L) mod M — (isL) mod M) mod M # 0,

= (i1L) mod M # (isL) mod M.

We have proved that iy # ia = (i1L) mod M # (ioL) mod M Viy,is € {0,1,2---, M — 1}. Therefore,
when ged (L, M) = 1, equation (5) holds true.

Case M divides L:

Let L =P x M, P > 1. Therefore, it is possible to chose i; = i3 + M. Under this condition,

((i1 —i2) L) mod M = (ML) mod M =0.
Therefore,

((i7L) mod M — (isL) mod M) mod M =0

We have shown that for some choice of 41 # i3, (i1L) mod M = (i2L) mod M. Hence, the values

{(iL) mod M }iﬂigl are not distinct. Therefore, when M divides L, equation (5) does not hold true.
Case ged (M, L) =G > 1:
iPr,

Let M = G x Py and L = G x P;. We can chose i; = is + G. Under this condition, €275 = &/*" P,
. 1P
Therefore, {eﬂﬂpﬂi |i=0,1,--- , M — 1} has P); distinct values. Therefore, equation (5) does not hold

true under this condition.
Hence, the equation (5) holds true iff L and M are relatively prime. This proves that M fold decimator and
L fold upsampler blocks can be interchanged iff L and M are relatively prime.



PROBLEM 3: This problem has two parts

e A student was performing measurements on an oscillator. Over what period must the signal be averaged
so that he can claim that the device was producing frequencies accurately up to 0.25 KHz? (5 pts.)

e Suppose we are filtering a natural image using (a) 2D FFT (b) 2D Haar wavelet. Sketch the frequency
resolution in the 2D w; — wy frequency plane for both the cases. You can assume a N-level dyadic
decomposition. (15pts.)

SOLUTION:
a) By the time frequency uncertainty principle, we know that 6207 > 1. Thus, if a student should claim
that the device is producing frequencies accurately upto 0.25KHz, then,

1 1 1
Owoy > 3 =050 > e = 250 x oy > e (As oy < 0.25KHz)
1
—— =318.31
7t 47 x 250 -
Thus, the signal should be averaged over a period of atleast 318.31 us to claim that the device produces
frequencies accurately upto 0.25 KHz.
The basic idea of this problem was to test the time-frequency uncertainty principle. If any variation of the
uncertainty principle has been used, then marks have been awarded.
b) Consider the 2D image to be given by {z[m,n]}, n, then N-point 2D DFT is given as follows:

N—-1N-1

1 o [mk+nl
X[k, 1] = 3 afm, nje 2w
NM n=0 m=0

Note that the FFT representation corresponds to the coefficients of the signal expansion in terms of the
'rnk+nl]
N

exponential basis signals, namely, eszﬂ[ These basis signals have frequency increasing uniformly.
Thus, the frequency resolution in the 2D w; — ws frequency plane is uniform as shown in the figure below.
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Similarly, the DWT representation corresponds to the coefficients of the signal expansion in terms of the Haar
wavelet basis signals along the two axes of the image. In 1D, consider the signal to have M = 2V samples.



The basis signals are given by {¢(t), {t(27% — k) }r, ..., {w(ZNflt —k)}r}. The frequency resolution of the
basis signals are decreasing dyadically. Note that for a discrete signal, the sampling frequency corresponds
to 2w. As image and music signals are low frequency signals, we consider the relative frequencies only from 0
to 5. Thus, the frequency resolution in the frequency plane is dyadically spaced from 5% to 7. Note that for
the jt" level, the frequency resolution is 57+ Similarly, for 2D too the frequency resolution in the 2D w; — wo
frequency plane is dyadically spaced as shown in the figure below.
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PROBLEM 4: Consider a 3-channel filterbank with analysis filters Ho(z), H1(z) and Hz(%) across first three
branches respectively. Consider decimation rates over the three branches to be (a) (2,3,6) (b) (2,4,4). Derive
the conditions for alias free reconstruction from first principles. If the synthesis filters are Fy(z), F1(z) and

F5(z), obtain the alias free distortion function. (25 pts.)
SOLUTION:
(a)
T\n To|M Ug|n Voln
[ ] Hy(z) O[ ] \1/2 [ ] TQ 0[ ] Fy(z)
21[n] ua[n] vi[n]
Hi(2) i, 3 > T 3 Fi(z)
2|n] us(n] va[n] z[n]
Hy(z) $6 176 I(2) >
Figure 4: 3-channel filterbank with decimation rates (2,3,6)
Analysis filters - Ho(z), H1(z), Ha(2)
Synthesis filters - Fy(2), Fi(z), Fa(z)
From Figure 4,
Xo(z) = Ho(2)X(2),
X1(2) = Hi(2)X(2),
ug[n] is obtained by downsampling xy[n] where k = 0,1, 2.
For downsampling by M,
1= .
Up(z) = i Xo (zﬁw@) ) (8)
k=0
where wk, = 3T, After downsampling, we get
1L
1
Uo(z) = B ZXO (z?wg) ,
k=0
12
1
Ul(z):g X1 (ZSU}:’;),
k=0
1 ,
Ua(:) = 5> X (zawg) 9)
k=0
vg[n] is obtained by upsampling uy[n] where k = 0,1, 2.
For upsampling by L,
Vie(2) = Uk(z") (10)



After upsampling, we get

k=0

V() = V() = 5 3 X (s
k=0

%(2):U2(26):éi){2 (zw(’f) (11)
k=0

At the output, we have

k=0
5
+ (FQ(Z) X éZXQ (zw’g)> (12)
k=0
Using (7) in (12) we get
2
X(z) = (Fo(z) X %ZHO (2wh) X (zw§)> + (Fl(z) X = ZHl (2w}) X (zw§)>
k=0 k=0

H(2)X (2) + Fi(z) x % > Hy(2)X (2wh)

Hy(2)X(2) + Fa(2) x % S Hy () X (2uh)
k=0 k=0

In the expression of X (z) above, all the terms scaling with wﬂ result in aliasing. Hence for zero aliasing,
these terms should be zero. Alias free condition:

2 5
1 1 1
§H0(—z)F0(z) + gFl(z) ; Hi(2wh) + gFg(z) ’;Hg(zwé) =0 (13)
For alias free distortion function, consider
X(z) = X(2)T(z), (14)
where T'(z) results in alias free output X (z) from X (z). When condition (13) is satisfied, we get
N 1 1 1
X(z) = §H0(Z)FO(Z)X(Z) + ng(z)Fl(z)X(z) + 6H2(Z)F2(Z>X(Z) (15)
1 1 1



Comparing (14) and (16) we get Alias free distortion function:

1 1 1
T(z) = 5Ho(2)Fo(2) + g H1(2) Fi(2) + g Ha(2) F2(2) (17)
(b)
rn To|n Up T Vol
n] N I g T (O 49 volnl
21[n] us[n] v1[7]
Hy(2) 14 > T4 Fi(z)
|1 us|n] va[n] z[n]
= Hy(z) [——— |4 |————» 14 [—— () >
Figure 5: 3-channel filterbank with decimation rates (2,4,4)
Analysis filters - Ho(z), H1(z), Ha(2)
Synthesis filters - Fy(z), Fi(z), Fa(z)
From Figure 5,
Xo(2) = Ho(2) X (2),
X1(z) = Hi(2) X (2),
Xa(2) = Ha(2) X (2). (18)
ug[n] is obtained by downsampling zy[n] where k = 0,1, 2.
For downsampling by M,
| M1 )
Up(z) = i kz_o Xo (zMw@) ) (19)
where wy, = '3 . After downsampling, we get
Uo(z) = 1 1 Xo z%wé ,
2
k=0
Ui(z) = E 3 X (z%wk>
1 4 1 4 ]
k=0
Us(z) = 1 3 X (ziwk> (20)
2 1 2 4
k=0
vg[n] is obtained by upsampling uy[n] where k = 0,1, 2.
For upsampling by L,
Vie(2) = Un(z") (21)
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After upsampling, we get

k=0
3
Vi(z) = Uh(2") = izXl (waf) )
k=0
3
Va(2) = Up(24) = i 3 X () (22)
k=0

At the output, we have

)+ F1(2)Vi(2) + F2(2)Va(2)
3
= (Fo(z) X %ZXO (zw§)> + (Fl(z) X iZXl (zwff))
k=0
3
+ <F2(Z) X ZXQ (zwf)) (23)

k=0

e~ =

Using (18) in (23) we get

1 3
X(z) = (Fo(z) X %ZHO (zwg) X (zw§)> + (Fl(z) X %ZHl (zwff) X (zwf))
k=0

k=0
3
+ (Fg(z) X EZHQ (zwff) X (zwff)) (24)
k=0

We have w, = 1 and the terms that result in aliasing are of the form X (zw¥,),k # 0. From (24), the alias
free condition is

3 3
%Ho(—z)Fo(z) IS )R ) + i S Hy (2w Fa(2) = 0 (25)
k=1 k=1

W

To obtain the alias free distortion function, consider
X(z) = X(2)T(2), (26)

where T'(z) results in alias free output X (z) from X (z). When condition (25) is satisfied, we get

. 1 1 1
X(2) = |5Fo(e) Ho(2) + {Fi(2) () + { Fal2) Ha(2) | X(2) (27)
Therefore, the alias free distortion function is given by,

T(2) = 5Fo(2)Ho(2) + P () Ha() + 1 Fa(2) Fo(2) (28)

11



PROBLEM 5: Let Ho(z) = 1+ 2271 4+ 4272 + 2273 + 2=%. The analysis filters are quadrature mirror sym-
metric. Draw an implementation for the pair [ Ho(z) Hi(z) | in the form of a uniform DFT analysis bank,

explicitly showing the polyphase components, the 2 x 2 IDFT box and relevant details. (20 pts.)
SOLUTION:
We have,

Ho(z) =142z 4427242273 4 274 (29)

Let another analysis filter be Hy(z). It is said in the question that the analysis filters are quadrature mirror
symmetric, hence,

Hy(z) = Ho(—2) (30)
Hy(z) can be written in polyphase form, i.e.,
H()(Z) = E00(22> + Z_1E01(22) (31)
Simplifying Hy(z), we have,
Ho(z) =1+4272 4274 42712+ 2272) (32)
From equation (31) and (32) we have,
EOO(ZZ) =1 + 4272 + 274 (33)
EOl(ZZ) = 2(1 + 2_2) (34)

From (30) we have,

Hi(z)=1-22"1 44272 -2,3 4,74
=(1+42 2+ 27+ 271 (—2-27?) (35)

Similarly, the polyphase components of Hi(z) are given by,

Ero(z?) =144272 274 (36)
F(2?) =-2-277 (37)
Comparing equations (33), (34) with equations (36), (37) respectively we obtain,
Ego(2*) = E1o(2%) (38)
Eoi (%) = —En(2%) (39)

For simplicity we consider

Eoo(2%) = E(2%) = Eo(2%)
E01(22) = —E11(22) = El(zz)

where, Eq(2?) =1+4272 + 274 and E;(2%) = 2(1 + 272). Writing up in matrix form, we have

E IR 0

Now, the two point IDFT matrix is given by,

12



efﬂzﬂ(o) e*a’?;(o) 1 1
—j2m(0) —j2w(1) = [ 1 -1 } =Wx (41)
e 2 e 2
Therefore, we have,
Ho(z) | _ 1 1 Ey(2?)
{ Hi(z) | [ W& ] 27 1B (2?) (42)

Above can be represented as shown in the Figure 6.

Figure 6: Implementation of the pair [ Ho(z) Hi(z) | where, Fo(z?) = 1+ 4272 + 27* and Ey(2?) =
2(1+272)

13



PROBLEM 6: Expand the signal s(t) = 3 in the interval [0, 1] using Haar wavelets up to a resolution of
0.25. (10 pts.)

SOLUTION:
We have the signal s(t) = 2 over the interval [0,1]. We need to represent this signal in terms of the Haar
wavelet basis upto a resolution of 0.25. We know that the scaling function of the Haar basis is given as

follows:
1 0<t«1
t) = -
o (t) {0 else

The Haar wavelet is given by:
1 0<t<0.5
P(t) =9 -1 05<t<1

0 else

The Haar wavelet basis comprises of the scaling function and the scaled and shifted versions of the Haar
wavelet namely,

B= {¢(t)’¢"’k(t)n,k} where n,k € Z

where ¥, () = 27/24)(2" — k). These form an orthonormal basis. Thus, we can represent the signal as
follows:

)+ > bustnk(t), where a =< ¢(t),s(t) >,bnx =< Pni(t), s(t) >

To obtain the representation for the signal s(¢) upto a resolution of 0.25, we need to only consider the
projection of the signal onto the space spanned by ¢(t),10,0(t),%1,0(t) and 1,1(t) as the other signals have
resolution greater than 0.25. We compute the coefficients a, by, b1,0 and by ; as follows:

o) 1 41
_ Y B
0 = /_m¢(t)s(t)dt—/0 tdt—40

1

oo 0.5 5 1 , t4 0.5 t4 .
b = t)s(t)dt = 3dt — Bdt=—| | =_-L1
/mw o= [ oa [ o=t -G =g,
0.25 0.5
0.25 0.5 \/§t4 \/§t4 .
o, / Y10(t)s(t)dt = Vatidt — V213dt = _ _
0 b 0 0.25 4 0.95 256+/2
1
V2! 55

0.75
b1 / P1,1(t)s(t)dt = Votidt — \[tgdt \ft

0.5 0.75

4 25612

0.5

Thus, the representation of the signal upto a resolution of 0.25 is given as,
1 7
rox t = —o(t) — =
Sapprox (1) 190 = 55%00(t) — 256[% oft) — 256\fw1 1(2)
1 7
= —¢(t) — == — (2t —1
1000 = b(t) — SLp(28) — (26— 1)

As the question mentions Haar wavelets, the above answer is the expected answer. If the signal is expanded
using the Haar basis, then partial marks is awarded. The solution using Haar basis is as follows:
As the resolution is 0.25, we consider the basis to be:

B = {¢2,1(t) =2¢(4t — k)}r where k € Z

These form an orthonormal basis. Thus, we can represent the signal as follows:

t) = cxpa(t), where cp =< doi(t), s(t) >
k
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To obtain the representation for s(¢) upto a resolution of 0.25, we need to only consider the projection of
the signal onto the space spanned by ¢2,0(t), ¢2,1(t), P2,2(t) and ¢2 5(t). We compute the coeflicients co, ¢1, ca
and c3 as follows:

~ (k+1)/4 t4 (k+1)/4

= / b2k (t)s(t)dt = / 2t3dt = 5 = m((k +1)* — kY
—o0 k/4 /4

e L 15 6T
O 7 5127 N s12) P o512 P B12
Thus, the representation of the signal upto a resolution of 0.25 is given as,
S;pprox(t) = 512¢2 O( ) 512¢2 1( ) 512¢2 2( ) 512(;52 3( )
= —pdt) + —p(4t — 1) + — — (4t —
256¢( )+ 256¢( )+ 256¢( 2) + 256¢( 3)
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BONUS POINTS: Examine if the function f(t) = 2 is uniformly continuous over (0, o) (10 pts.)

SOLUTION:

Given metric spaces A and B , a function f : A — B is said to be uniformly continuous if for every ¢ > 0
there exist § > 0 such that for every a,b € A, |[a —b| < = |f(a) — f(b)| < e. Consider t1,t2 € (0,00).
We see that

|f(t1) — f(t)| =[t] — 13|
=|(t1 — t2)(t1 +t2)|
<0|(t + t2)] (43)

From equation (43), we see that € = d|(f1 + t2)| and this shows the dependency of ¢ on ¢; and e. Since
t1 € (0,00), t; + t2 can be unbounded. Therefore, the function ¢? is not uniformly continuous over (0, o).
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